Abstract. In this paper we investigate compactness of weighted Lambert type operators between two L p spaces.
Introduction and Preliminaries
Let (X, Σ, µ) be a complete σ-finite measure space. For any sub-σ-finite algebra A ⊆ Σ with 1 ≤ p ≤ ∞, the L p -space L p (X, A, µ| A ) is abbreviated by L p (A), and its norm is denoted by . p . All comparisons between two functions or two sets are to be interpreted as holding up to a µ-null set. The support of a measurable function f is defined as σ(f ) = {x ∈ X; f (x) = 0}. We denote the vector space of all equivalence classes of almost everywhere finite valued measurable functions on X by L 0 (Σ).
For a sub-σ-finite algebra A ⊆ Σ, the conditional expectation operator associated with A is the mapping f → E A f , defined for all non-negative f as well as for all f ∈ L p (Σ), 1 ≤ p ≤ ∞, where E A f , by the Radon-Nikodym theorem, is the unique A-measurable function satisfying
As an operator on L p (Σ), E A is an idempotent and E A (L p (Σ)) = L p (A). If there is no possibility of confusion we write E(f ) in place of E A (f ). This operator will play major role in our work, and we list here some of its useful properties:
where {A n } n∈N is a countable collection of pairwise disjoint A-atoms and B, being disjoint from each A n , is non-atomic (see [8] ).
Let u ∈ L 0 (Σ). Then u is said to be conditionable with respect to
As it is defined in [2] , weighted lambert type operator T is bounded operator
, where M u and M w are multiplication operators. Throughout this paper we assume that u and w are in D(E), E = E A and T is weighted lambert type operator.
Combination of conditional expectation operator E and multiplication operators appears more often in the service of the study of other operators such as multiplication operators and weighted composition operators. Specifically, in [6] , S.-T. C. Moy has characterized all operators on L p of the form f → E(f g) for g in L q with E(|g|) bounded. In [1] , R. G. Douglas analyzed positive projections on L 1 and many of his characterizations are in terms of combinations of multiplications and conditional expectations.
Some classic properties of the operator EM u on L p (Σ) spaces is characterized in [3, 4] and [5] . The authors have characterized boundedness of [2] . In this paper we characterize compactness of
Compact Weighted Lambert Type Operators
Theorem 2.1. Let 1 < q < p < ∞ and let p ′ , q ′ be conjugate component to p and q respectively. Then weighted Lambert type operator
where v := u(E(|w| q )) 1/q . It follows that the weighted conditional operator T :
Mv is compact if and only if the multiplication operator M (E(|v| p ′ )) 1/p ′ is compact. Now, suppose that T is bounded. Firstly, we show that E(|v| p ′ ) = 0 a.e on B. Suppose, on the contrary.
Then, there exists some δ > 0 such that the set B 0 = {x ∈ B : E(|v| p ′ )(x) > δ} has positive measure. We may also assume µ(B 0 ) < ∞. Since B 0 has no Aatoms, we can find E n ∈ A of positive measure satisfying E n+1 ⊆ E n ⊆ B 0 for all n and lim n µ(E n ) = 0. Put
Hence there exists t ≥ 0 such that
and so EN E(|v|
but this is a contradiction. Next, we examine (ii). Since T is compact then M v is bounded, and so by Theorem 2.2 in [2] , E(|v|
Conversely, assume both (i) and (ii) hold. By the same preceding discission, it suffices to establish the compactness of
for any ε > 0, there exists N ε ∈ N such that n>Nε (E(|v| 
is compact if and only if (i) E(|u|
(ii) lim n→∞
µ(An) (p ′ −q ′ )/q ′ = 0, when the number of A-atoms is not finite.
Proof. Let f ∈ L p (Σ). By the same argument in the proof of Theorem 2.1,
M v is compact and so is bounded. Thus by Theorem 2.3 in [2] , E(|v| p ′ ) = 0 a.e on B and thus (i) is holds. Now, if (ii) is not hold, we can fined a constant δ > 0 such that E(|v|
and f n q ′ = 1. Thus, for each m, n ∈ N with m = n we get that
But this is a contradiction.
Conversely, assume both (i) and (ii) hold. Since By the same argument in the proof of Theorem 2.1, it suffices to establish the compactness of
and finite rank operator from L
with
Thus we conclude that
(a) According to the procedure used in the proof of Theorem 2.1, the weighted Lambert type operator 
on B and n∈N E(|u|
(c) Let (X, A, µ) be a non-atomic measure space. Since for each α > 0 and
, Then by the pervious results, the weighted Lambert type operator
) with 1 < p < ∞ and 1 ≤ q < ∞ is compact if and only if it is a zero operator.
Theorem 2.4. Let 1 < q < ∞ and let X = (∪ n∈N C n ) ∪ C, where {C n } n∈N is a countable collection of pairwise disjoint Σ-atoms and C ∈ Σ, being disjoint from each C n , is non-atomic. If the weighted Lambert type operator T from
= 0, when the number of A-atoms is not finite. On the other hand, if (i) u(E(|w| q )) 1/q = 0 a.e. on C, and
= 0, when the number of Σ-atoms is not finite, then weighted Lambert type operator T from
Suppose that EM v is compact. Thus by Theorem 2.4(b) in [2] , E(|v| q ′ ) = 0 a.e on B. Now, we examine (ii). Assume on the contrary, thus we can fined a constant δ > 0 such that E(|v|
Thus, for any m, n ∈ N with m = n, we obtain
(b) Assume both (i) and (ii) hold. Then for any ε > 0, there exists some
It follows that EM vε is a bounded and finite rank operator. Moreover, for any f ∈ L 1 (Σ) with f 1 = 1 we get that |f (A n )|µ(A n ) ≤ f 1 = 1. Since q > 1, then (|f (A n )|µ(A n )) q ≤ |f (A n )|µ(A n ). Now, by conditional type Hölder inequality, we have
This implies that EM v is compact. ✷ 
